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ON A UNIVERSALITY PROPERTY OF SOME
ABELIAN POLISH GROUPS
SU GAO AND VLADIMIR PESTOV
Abstract. We show that every abelian Polish group is the topo-
logical factor-group of a closed subgroup of the full unitary group
of a separable Hilbert space with the strong operator topology.
It follows that all orbit equivalence relations induced by abelian
Polish group actions are Borel reducible to some orbit equivalence
relations induced by actions of the unitary group.
1. Introduction
For a class C of topological groups, there are usually two compet-
ing notions of universality. In some context, a universal object is a
topological group for which every group in the class C can be isomor-
phically embedded as a topological subgroup. In a different sense, a
universal object means a topological group of which every group in
C is a topological factor-group, i.e., there is a continuous and open
homomorphism from the universal group onto each group in C. The
notions are sometimes distinguished from each other by being respec-
tively called injective universality and projective universality, but the
terminology has not been standardized. In either of the two senses, it
is of definite interest whether a universal object belongs to the class
C, although the mere existence of universal objects, no matter in C or
not, can be more important.
Here we consider a universality property that combines the above
two senses. A topological group G is universal for C in our sense if
every group in C is a topological factor-group of a topological subgroup
of G. This is a weaker notion than either one mentioned above. It is
also easy to see that the relation “H is a a topological factor-group of
a topological subgroup of G” is transitive.
The class C we deal with in this paper is that of all abelian Polish
groups. The existence of both injectively and projectively universal
Polish groups is already known. However, those universal groups are
of a special kind, not at all well understood, while the groups universal
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in our weaker sense count among them such familiar objects as the
additive group of the Banach space ℓ1. Since the latter topological
group embeds into the full unitary group U∞ of the separable complex
Hilbert space ℓ2, equipped with the strong operator topology, it follows
that U∞ is universal in our sense for the class of all abelian Polish
groups.
Our investigation is motivated by questions in descriptive set theory
of equivalence relations. Let us briefly review the main concepts of this
theory. If a Polish group G acts in a Borel manner on a standard Borel
space X (in which case X is called a Borel G-space), we denote the
induced orbit equivalence relation by EXG . If E and F are equivalence
relations on standard Borel spaces X and Y respectively, then we say
that E is Borel reducible to F , denoted E ≤B F , if there is a Borel
function f : X → Y such that, for all x, y ∈ X ,
xEy ⇐⇒ f(x)Ff(y).
An important open problem in the theory of equivalence relations is:
Is there an orbit equivalence relation induced by a Polish group action
which is not Borel reducible to any orbit equivalence relation of an
action of the unitary group? We provide a partial answer as follows.
Theorem 4.4. Let G be an abelian Polish group and X be a Borel
G-space. Then there is a Borel U∞-space Y such that E
X
G ≤B E
Y
U∞
.
The following interesting question seems to be open: Is every separa-
ble metrizable topological group a topological factor-group of a suitable
topological subgroup of U∞? If the answer to this question is in the
affirmative, then the abovementioned open problem about orbit equiv-
alence relations would be completely settled.
A by-product of our investigation is a new (and more elegant) proof
of the known result from [16]: every separable metrizable abelian topo-
logical group embeds as a topological subgroup into a monothetic metriz-
able topological group.
The two main tools used in our paper are transportation distances
and positive definite functions. Transportation distances have been in-
dependently discovered in different areas of mathematics and are thus
known under numerous names. We give a survey of the theory in Sec-
tion 2. Section 3 outlines the use of positive definite functions to con-
struct strongly continuous unitary representations of some topological
groups. In section 4 the main Borel reducibility results are deduced.
We have attempted to make the article relatively self-contained, col-
lecting in it definitions and hints of proofs of known results for reader’s
convenience.
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2. Transportation distances
Transportation distances were initially introduced by Kantorovich in
his 1942 paper [9] in order to study the classical mass transportation
problem, and have since then found numerous applications in different
areas of mathematics, in some of which they have been rediscovered in-
dependently and explored to varying degrees of depth and from various
angles.
2.1. Free normed spaces. Let X = (X, d, ∗) be a pointed metric
space, that is, a triple where d is a metric on a set X and ∗ ∈ X is a
distinguished point. Denote by L(X, ∗), or simply by L(X), the real
vector space having X \ {∗} as its Hamel basis and ∗ as zero.
There obviously exists the largest prenorm, p, on L(X) with the
property that the distance induced on X does not exceed d: for all
x, y ∈ X , p(x− y) ≤ d(x, y).
Such a p is in fact a norm, and the restriction of the associated
distance to X coincides with d. Indeed, these are equivalent to saying
that every metric space isometrically embeds into a normed space as a
linearly independent set. Here is such an embedding (described in [10]
and, independently, [1], cf. also [14].) Denote by Lip (X, ∗) the Banach
space of all Lipschitz functions f : X → R with the property f(∗) = 0,
where ‖f‖ equals the smallest Lipschitz constant for f . For an x ∈ X ,
denote by xˆ the evaluation functional:
Lip (X, ∗) ∋ f 7→ f(x) ∈ R.
The mapping
X ∋ x 7→ xˆ ∈ Lip (X, ∗)′
is an isometric embedding ofX into the dual Banach space of Lip (X, ∗)
as a linearly independent subset (an easy check).
In fact, more is true: every element of L(X, ∗), if considered as a
finitely-supported measure on X \ {∗}, determines a bounded linear
functional on Lip (X, ∗), and thus L(X, ∗) embeds into the dual Ba-
nach space Lip (X, ∗)′ as a normed subspace. The dual norm on L(X)
induced from Lip (X, ∗)′ is exactly the maximal prenorm that we are
after. Notice also that X is closed in L(X).
The normed space L(X) has the following universal property, which
provided the main motivation for such investigations as [1, 20, 4, 5].
Theorem 2.1. Let E be a normed space, and let f : X → E be a 1-
Lipschitz map with the property f(∗) = 0. Then there is a unique linear
operator f¯ : L(X)→ E of norm 1 extending f .
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Proof. The existence of a unique linear operator f¯ as above is clear.
It remains to notice that the prenorm on L(X) denoted by q(x) =∥∥f¯(x)∥∥
E
has the property q(x− y) ≤ d(x, y) for all x, y ∈ X , and thus
q(z) ≤ ‖z‖ for all z ∈ L(X) and the statement follows.
The formula (2.1) that follows can be seen both as the definition of
the transportation distance [9], and as an alternative description of the
norm of the free normed space [1, 20, 4, 5] going back to Graev [8],
where it appeared in the context of free (abelian) groups.
Theorem 2.2. Let x ∈ L(X, ∗, d). Then
‖x‖ = inf
{
n∑
i=1
|λi|d(xi, yi) : n ∈ N, λi ∈ R, xi, yi ∈ X,
x =
n∑
i=1
λixi, 0 =
n∑
i=1
λiyi
}
.(2.1)
Proof. Denote by ‖·‖′ the prenorm determined by the expression on
the right hand side of the formula (2.1), and let ‖·‖ stand for the
norm of the free normed space L(X). If x ∈ L(X), then for any two
decompositions of x and 0 as in (2.1) one has
‖x‖ ≤
n∑
i=1
‖λi(xi − yi)‖
=
n∑
i=1
|λi|d(xi, yi),
and consequently ‖x‖ ≤ ‖x‖′. Now let x, y ∈ X . Writing x − y =
1 · x+ (−1)y and 0 = 1 · x+ (−1)x, one concludes that
‖x− y‖′ ≤ 1 · d(x, x) + 1 · d(x, y)
= d(x, y),
and consequently ‖x‖′ ≤ ‖x‖ for every x ∈ L(X).
The Banach space completion of L(X) is denoted by B(X) and called
the free Banach space on the pointed metric space (X, ∗, d). It has an
universal property similar to that in Theorem 2.1 with respect to all
Banach spaces E.
Example 2.3. If X = Γ ∪ {∗} is a set equipped with a discrete ({0, 1}-
valued) metric, the free Banach space B(Γ ∪ {∗}) (where ∗ is the dis-
tinguished point) is isometrically isomorphic to ℓ1(Γ).
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It is easy to see that the following three conditions are equivalent:
(i) a metric space X is separable; (ii) the free normed space L(X) is
separable; (iii) the free Banach space B(X) is separable.
On this occasion let us remind a well-known and simple fact from
classical Banach space theory. (Cf. e.g. p. 108 in [12].)
Theorem 2.4. Every separable Banach space E is a factor-space of
ℓ1.
Proof. Let f be an arbitrary map from N+ onto an everywhere dense
subset of the sphere of radius 1
2
around zero in E. The map f is
1-Lipschitz with respect to the {0, 1}-valued metric on N, and thus
extends to a linear operator f¯ of norm ≤ 1 (in fact, exactly 1) from
B(N) ∼= ℓ1 to E. (Here 0 ∈ N serves as the distinguished point.) Let
x ∈ E be arbitrary with ‖x‖ = 1
2
. It is possible to choose recursively a
sequence of elements kn ∈ N and non-negative scalars λn ≤ 2−n in such
a way that each element
∑n
i=1 λif(xi) is at a distance < 2
n+1 from x.
Consequently, z =
∑∞
i=1 λixi is in ℓ1 and f¯(z) = x. Thus, the operator
f¯ is onto, and the Open Mapping Theorem finishes the proof.
Let a, b ∈ X . The following fact, standard in theory of free objects,
is established by applying the universal property from Theorem 2.1 to
the 1-Lipschitz mapping X ∋ x 7→ x− a+ b ∈ B(X, b).
Proposition 2.5. Let X = (X, d) be a metric space. For all choices
of the distinguished point ∗ ∈ X the resulting free Banach spaces
B(X, d, ∗) are isometrically isomorphic between themselves.
Let us assume temporarily that (X, d) has diameter ≤ 1. Denote by
X† the metric space obtained from X by adding an extra point {†} at a
distance 1 from every x ∈ X . Denote by φ the linear functional of norm
1 on B(X†, †) which takes X to {1} and which exists by Theorem 2.1.
Let B(X)0 stand for the kernel of φ, and let L(X)0 = B(X)0 ∩ L(X).
Proposition 2.6. Assume that diamX ≤ 1. For every ∗ ∈ X, the free
Banach space B(X, d, ∗) (respectively the free normed space L(X, d, ∗))
is isometrically isomorphic to B(X)0 (respectively, L(X)0).
Here, similarly to the proof of Prop. 2.5, the isomorphic embedding
B(X, d, ∗) →֒ B(X†, †), when restricted to X , is of the form x 7→ x−∗.
Recall that if µ is a measure on the product of two standard Borel
spaces X and Y , then the marginals of µ are the push-forward mea-
sures πi,∗µ, i = 1, 2, along the coordinate projections. The (finitely-
supported) signed measures µ on X ×X whose marginals are, respec-
tively, x and 0, can be identified with a pair of representations of x and
0 as in (2.1).
